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0. INTRODUCTION 
In this paper we introduce the new concept of “Cycles in the Period” of 
the expansion of a real quadratic irrational as a simple continued fraction. 
This is expressed in the 
DEFINITION. Let M, D, d be positive rational integers, M squarefree, 
M = D2 + d, 1 < d < 20. Let k, a, s be nonnegative rational integers, a 
and k not both zero, 0 < a < k - 1; let f(k, a, S; d, D) be a polynomial 
with rational integral coefficients in k, a, S, d, D, and with range in iV. For 
a fixed S, the finite sequence of polynomials 
F(s) =f(k, a, s; d, D),f(k a + 1, s; d, D),...,f(k a + k - 1, s; 4 D) 
F’(s) = f(k, a + k - 1, s; d, D) ,..., f(k, a, s; d, D) (O-1) 
will be called Cycle in the Period of the expansion of M112 as a simple 
continued fraction, if, for s, 3 1, this expansion has the form 
M1j2 = [b, , b, ,..., F(0) ,..., F(s,, - l),f(k, a, s, ; d, D) ,... 
. . . . f(k, a + 6, so ; d, D),...,,f(k, a, so ; 4 D), F(so - 1X... 
. . . . F’(O),f(k, a - 1, 0; d, D) ,..., bl , 2b,], (0.2) 
b>l;bdk-1;kisthelengthofthecycle. 
In the first part of this paper, the main result is the construction of 
infinitely many classes, each containing infinitely many M of a most 
simple structure. Among the various classes thus constructed here, there 
are a few in whose expansion of M1j2 the cycle in the period has, sur- 
prisingly, a length up to 12. The functions f(k, a, s; d, D), f (k, a + 1, s; 
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d, D) are of course stated explicitly hence we are able to construct numbers 
Ml/2 such that the primitive period of their expansion has any given length 
m which is a function of the parameter k. 
Expansions of Ml/z which have the structure of cycles in the period were 
generally not known up to now. In a most brilliant paper Yamamoto [6] 
has given a few numerical examples of expansions of real quadratic 
irrationals in which cycles of length 2 appear. The author claims not to 
have seen Yamomoto’s paper, before a notice about it appeared in the 
“Contents of Contemporary Mathematical Journals,” August 1972 issue, 
and even after that it took months before the journal with Yamomoto’s 
paper became available in the United States. But this is a matter of 
historic relevance only, and the praise of originality doubtlessly goes to 
Yamomoto. Had this great mathematician pursued his technique in the 
direction of finding expansions of &W2 containing cycles, I doubt not his 
eventual success. 
It is an old dream of mathematicians to find infinite classes of real 
quadratic number fields Q(M)r/” for which the expansion of a basis of the 
field as a periodic continued fraction can be stated explicitly as a function 
of M. Very little knowledge in this direction was avaialable up to now. 
The bit of it that was there is based on a theorem by Muir [4], and in his 
“encyclopedia” of continued fractions Perron [5] has given a few demon- 
strations of Muir’s theorem which the author does not believe to be of 
great practical significance. At most, what can be achieved with Muir’s 
theorem is the explicitly stated expansion of certain classes of M1jz with a 
primitive period up to length 6. In a recent paper [2] the author has 
succeeded in stating the following infinite classes of jW2 whose expansion 
as a periodic continued fraction has a primitive period of lengths 8, 10, 12, 
respectively; these are 
(D2 $- 4dP2 = [D, (2d)-l (D - d), 1, 1, 2-‘(0 - l), 
2d-lD, 2-YD - I), 1, 1, (2d)-’ (D - d), 201, (0.3) 
d j D; d > 1, D odd. 
(D2 - 4d)‘/? = [D - 1, 1, (2d)-l (D - 3d), 2, 2-l(D - 3), I, 
2d-‘(D - d), 1, 270 - 3), 2, (2d)-’ (D - 3d), 1, 2b,], 
d j D; d > 1, D odd. (0.4) 
(9d” - 4d)lj2 = [3d - I, 3,3(d - I) 2-l, I, 4,1,3(d - 1) 2--l, 3,2(3d - l)], 
d >. 1, dodd. (0.5) 
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For d = 1, the primitive period in the above expansions has length at 
most half of the original one, as the reader will verify easily. The author 
constructed these expansions in order to find the well-known fundamental 
unit of Degert [3] in the corresponding quadratic field by an approach 
different from Degert’s. 
We shall recall the basic rules of expanding A41j2 for further reference: 
WI2 = w = x,, = (w + P,,) Q,’ = b, + x-l; 
P. = 0; Q,, = 1; b, = [w]. (0.6) 
xk = (W + pk) Qi’ = b, + Xi& ; 
Pk = bk-lQk-l - Pk-1 ; Qk-lQk = w2 - Pk2; 
b,c = hl; (k = 1, 2,...). 
(0.7) 
From P, + P&i = bkwlQKml , W2 - Pk2 = QkwlQk , We derive the fOrlllUk3 
(W + Pk-l)(W + PIG> = Qk-l(Qk + b&w + &)) (k = 1, 2,...). 
(0.8) 
With m denoting the length of the primitive period of the expansion of 
M1/2 as a periodic continued fraction, the following rules hold. 
Let m = 2k; then Pk = Pk+l, and vice versa; also bk-i = bk+i (i = l,..., k); 
b,, = 2b, . (0.9 
Let m = 2k + 1; then Qk = Qk+l , and vice versa; also bk = b,,, ; 
b,-, = bk+i+l (i = I,..., k - 1); b2k+l = 2b, . (0.10) 
If m = 2k, then P&i = P&+,+1 (i = 0 ,..., k - 1); Qkwl = Q,,, (i = I,..., k). 
(0.11) 
If m = 2k + 1, then Pe-f = P,+i+2 (i = 0 ,..., k - 1); Qk-i = Qk+i+l 
(i = O,..., k). (0.12) 
QV > 2 (u = 1, 2,...). Only if m = 2k, Qk = 2 is possible (then Pk = 
pk+lh (0.13) 
In the second part of this paper the fundamental units of Q(M)li2 are 
stated explicitly. It is calculated from the periodic expansion of M1j2. The 
explicit representation of this expansion is therefore a primary issue. 
Units of algebraic number fields of any degree have been recently in- 
vestigated by Zassenhaus [7] in a brilliant paper. He also thinks that the 
calculation of units from the periodic expansion of a basis of the field, 
generally by the Jacobi-Perron algorithm, is a most suitable tool. 
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The author conjectures that, for sufficiently large M, each period in the 
expansion of jW2 has the structure of cycles. 
In the following Sections w2 is squarefree. 
1. EXPANSION OF w = ([(2a + 1)” + aI2 + 2a + 1)lj2; a, k > 1 
The formulas hold. 
1.2’2 = A2k + 2aAfi + (a + 1)” = (A” + a)” + A; A = 2a + 
[w] = A” + a; w=A”+a+r; O<r<l. 
The reader will easily verify the expansion 
w = AL + a + (l/x,); 
PI = A” + a; PI= A; 
w + A” + a 1 
A 
= 2A”-1 + - . 
x2 
, 
ps = Ak - U; Q, = 4aAk-l i 
w + A” - a 
4aAk-l + 1 =I+$; 
P,=(A-2)Ak-l+a$l; 
Q2 = 2A”-l. 








P4 = A” - (a + 1); Q4 = A2. (1.6) 
\v + A” - 
A2 (’ + ‘) 
1 = 2A”-2 - 1 + - . 
x5 
We now prove the formulas 
(i) Ps,q-l = A” - [A” - (a + l)]; 
Q2s-l = 2(As - 1) Ak-” - [A” - 2(a 
(ii) P,, = (A” - 2) Ak+ + (a + 1); 
Qss = 2Ak-S; &=AS- 1; 
(iii) P3s+l = A” - (a + 1); 
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Proof by induction. Formulas (1.8) are correct for s = 1, as can be 
easily verified from (1.3)-(1.7). We prove: Formulas (1.8) are true for s 
replaced by s + 1. We obtain from (1.8)(iii), presuming 1 < s + 1 < k, 




P 3.9-1-2 = Ak - [As+l - (a + l)]; 
Q3e = 264 el - I) Ak+fl) - [AS+’ - 2(a + I)]. (1.9) 




2A” _ 2-4”~’ - Ak =’ +(&)A c29 
we obtain 
w + A” - Aafl + (a + 1) 1 
2Ak _ 2AL-Wl) - A=+1 + 2@ + 1) = ’ + -; 
x38+3 
P 38+3 = (A”+’ - 2) AK++l) + (a + 1); Q38+3 = 2Ak-(=+l). (1.10) 
Since, for k > 2, 
AS”1 - 1 < As+1 - 1 + A+r 
2Ak-(S+l) = x38+3 
< A8+l - 1 + 2A 2Ak-'8+1' < A9fl 7 
we obtain 
w + A” - 2A”‘&+l’ + a + I = 
2Ak-(sfl) 
AS+1 _ 1 + 1; 
x3.9+4 
P38+4 = AL - (a + 1); Q - A”+2. (1.11) 38-t4 - 
Since 
2Ak-(8+2) _ 1 < 2Ak-b+2) - 1 + As+2 - 1 + r 
As+2 = X3*+4 
= x38+4 < 2Ak-(8+2’ - 1 + 1, 
we have 
bSst4 = 2Ak-(s+2) - I. (1.12) 
With formulas (1.9)-(1.12), formulas (1.8) with s replaced by s + 1 are 
verified. Since, as can easily be verified from (1.8), no P, equals P,,+l , and 
no Qv equals Qv+l in the cycle {P38--1 , Pss , P3,+J and tQas-, , Q3sy 
Q3s+l). We look for the possibility that some QV = 2. This happens for 
f&c = 2. (1.13) 
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We now obtain from (1.8) (ii), and from (1.2) 




P 3k+1 = Ak + a - 1 = b, - 1 = P,, . (1.14) 
The length of the primitive period of the expansion of w thus equals 
1 + 6(k - 1) + 3 + 2 = 6k, and we can state 
THEOREM 1. Let a, k be mutual numbers, a 3 1, k 3 2, w2 = (Ak + a)2 
+ A, A = 2a + 1, w2 squarefree. The expansion of w as a periodic con- 
tinued fraction has a primitive period of length 6k and the form 
w = h, , b, ,..., &s-l, b,, 9 b,,+, T.‘.> b,k-, , bsk > &c-l v..., b, , &,I; 
b, = Ak + a; b, = 2A”-1. b3k-1 = 1; 
bS9v1 = 1; bSs = A” - 1; b,,,, = 2Ak+l; 
bSk = b, - 1; (1.15) 
s = l,..., k - 1. 
For k = 1, we obtain the expansion 
(9a2 + 8a + 2)lj2 = [3a + 1, 2, 1, 3a, 1, 2, 6a + 21. (1.16) 
2. EXPANSION OF w = ((AL - a)2 + A);l12 A = 2a + 1; a, k 3 1 
The formulas hold. 
w2 = A2” - 2aA” + (a + 1)“. (2.1) 
[w] = Ak - a; w=Ak-a+r, O<r<l. (2.2) 
The reader will easily verify the expansion 
w = Ak - a + (l/x&; 
PI = A” - a; Q1 = A. (2.3) 
w+A~--a 
A 
= 2Ak-1 - 1 + $ ; 





Qa = ~uA”--~ - [A2 - 2(a + l)]. (2.5) 
b,= 1. (2.6) 
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As before, we prove now by induction the formulas 
(i) P38-2 = A” - [A8 - (a + l)]; 
Qss--2 = A’; b3*w2 = 2A”+ - 1. 
(ii) PS,-l = Ak - (a + 1); 
Q3s-l = 2A”+; b3s-l = A” - I. (2.7) 
(iii) P,, = (A” - 2) AkS1 + (a + 1); 
Q3s = 2(A” - 1) /P-” - [A”+l - 2(a + I)]; b,, = 1. 
s = 1, 2,.... 
Formulas (2.7) are correct for s = 1, as follows from (2.3)-(2.6). 
We obtain from (2.7)(ii), for k = s, 
and further, 
Q -2 3k-1 - 3 
w + A” _ (a + 1) = 2A” - 2a - r’ = A” _ a - 1 + -!- 
2 2 X3k 3 
b3k--1=Ak-a-1=b,-l; P3k = A” - (a + 1) = P3k-1 . 
The length of the primitive period of the expansion of w thus equals 
6(k - 1) + 3 + 1 = 6k - 2 and we can state 
THEOREM 2. Let a, k be natural numbers, a > 1, k 3 2, w2 = (A” - a)” 
+ A, A = 2a + 1, w2 squarefree. The expansion of w as a periodic con- 
tinuedfraction has a primitive period of length 6k - 2 and the form 
w = [b,, ,..., b-2 3 hs-1 3 b,, ,..., bs-2, b,,-, , h-2 ,..., b, , 24,l; (2.9) 
b, = Ak - a; b3*el = b, - 1; b,,-, = 1; bs,ee = 2Ak-* - 1; 
bSsel = A” - 1; b,, = 1; s = l,..., k - 1. (2.10) 
For k = 1, we obtain the expansion 
(a2 + 4a + 2)li2 = [a + 1, 1, a, 1, 2(a + 1)l. (2.11) 
Formula (2.11) is obtained from (a” + 4a + 2)1/2 = (a + 2)2 - 2)lj2, 
which the author has taken from [ 1, (2.1 l)]. 
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3. EXPANSION OF w = ((A” -+ a + 1)” - A)1/2; A = 2a + 1; a, k 2 1 
The formulas hold. 
w2 = A2” + 2(a + 1) Ak + a2 
[w] = A” + a; w=Ak+a+r; O<r<l 
The reader will easily verify the expansion 
w = A” + a; 
PI = A” + a; Ql = 2A”. 
w+A”+a 
2Ak =I+$; 
P2 = A” - a; Q, = A. 
MI + Ak - a 1 
A = 2A”-l+ - * x3 
7 
We prove the formulas 
P, = A” + a; Q3 = 2A”-I. 
(i) P2s-1 = Ak + a; Q2s--1 = 2A”++l; b2s-l = As-l* 2 
(ii) P,, = Ak - a; Q2s = AS; b,, = 2A”+ 7 







Formulas (3.6) are correct for s = I, as can be verified from (3.3)-(3.5). We 
obtain from (3.6)(ii) 
w + AL - a = 2Ak + r 
A” A* 
= 2A”-3 + m-ii- ; 
J&+1 
(3.7) 
PB+~ = A” + a; Q2s+l = 2Ak-8. (3.8) 
Since,for 1 <s+ 1 <k+ 1, 











2Ak-ls+l) ( &4k-(s+11 
++l= x23+2 
< 2Ak-(s+l) + f < 2/p-b+lI + 1, 
we obtain 
b2s+2 = 2Ak-(s+l)* 
With (3.7~(3.10), formulas (3.6) are verified. 
We obtain from (3.6)(i) for s = k + 1, 




w + A” + a = 2Ak + 2a + r 1 
2 2 =Ak+a+-, X2k+2 
P2k+2 = Ati + a = PZk+l ; b2k+l = A” + a = b, . 
The length of the primitive period of the expansion of w thus equals 
4k + 1 + I = 4k + 2, and we can state 
THEOREM 3. Let a, k be natural numbers, a > 1, k > 2; w2 = (A” + 
a + 1)2 - A; A = 2a + 1, w2 squarefree. The expansion of w as a periodic 
continued fraction has a primitive period of length 4k + 2 and the form 
w = P, >..., b-1, bzs ,..., bzk+l, bzl, ..., b, , 244; 
b, = b,k,, = A” f a; bS8el = AS-l; b,, = 2Ak-+ , (3.12) 
s = l,..., k. 
For k = 1 we obtain the expansion 
(9az + 1Oa + 3)1/z = [3a + 1, 1,2, 3a + 1, 2, 1, 6a + 21. 
4. EXPANSION OF w = ([A” - (a + 1)12 - A)1/2; A = 2a 4 1, a, k > 2 
The formulas hold. 
w2 = Ask - 2(a + 1) Ak + a2. (4.1) 
[w] = Ak - (a + 2); w=Ak-a-22rr; Ocr-cl. 
(4.2) 
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The reader will verify easily the expansion 
w = Ak - (a + 2) + (l/x,); Pl = A” - (a + 2); 
Q, = 2Ak - 4(a + 1). (4.3) 
w+Ak-((a+2) =l+l. 
2Ak - 4(a + 1) X2 
9 
p, z Ak - (A + a + 1); Q2= A. (4.4) 
w + A” - A - (a + 1) = 2Ak-1 _ 3 + L. 
A X3 
> 
P, = A” - (A + a); Q3 = 4aAk-l - (2A - 1). (4.5) 
bv+A”--A-a 
4aAL-l - 2A + 1 =1+-$ 
P, = (A - 2) A”-’ - a; Q4 = 2Ak-l. 




P, = (A - 2) Ak-l + a; 
Q5 = 4aAk-l - (4a2 + 2a + 1). 
w + Ak - 2A”-l + a 
4aA”-’ - (4a2 + 2a + 1) =1+-$ 
P, = Ak - (4a2 + 3a + 1); QR = A2. 
b8 = 2(Ak-2 - 1). 
We shall prove the important formulas 
(i) P4s--1 = Ak - (A” + a); 
Q4s-1 = 2(A” - I) A”-” - (A” + 2~); 
(ii) P,, = (A” - 2) A”-” - a; 
Q4s = 2A”-“; b,, = A” - 2; 
(iii) P4s+l = (A” - 2) AksS + a; 
Q 48+1 = 2(A” - 1) Ak+ - [As+l - 2~1; 
(iv) Pgst2 = A” - (AB+l - a); 





b,,-, = 1; 
b - 1; 4s+1 - 
s = 1, 2,..., k - 2; k > 3. (4.10) 
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Proofb~~ induction. Formulas (4.10) are correct for s = 1, as can be 
easily verified from (4.3)-(4.9). We prove that (4.10) holds for a substituted 
by s + 1. We obtain from (4.1O)(ii) 
w + Ak - ASfl + a 
As+1 = 2(A”+l - 1) + & ; 
P 4s+3 = A” - (Aat + a); 
Q 48+3 = 2(As+l - 1) Ak+-l - [Asfl + 2~21. (4.11) 
We now have 1 < s + 1 d k - 2; hence 
1 < 1 + 2Ak+l - 2 3 r 2Ak-8-l 
zzz 




A” _ A”-1 - 2Ak-1 
=1+-& - <1+5-3<2; 
hence 
w + Ak - A8+l - a 1 
2Ak _ 2Ak-s-l - AS+1 _ 2a 
=1+ ---; 
x4.9+4 
P 4s+4 = (As+1 - 2) Ak-8-l - a; Q48+4 = 2AawS-l. (4.12) 
Since 
As+1 - 2 < Aa+1 _ 2 + '""-"-',E, 2 + r z.z x4s+4 
< As+l - 2 + 1, 
we obtain 
w + Ak - 2Ak-8-l - a 
2Ak-8-1 
=AS+l- 2 + 1; 
x48+6 
P 4s+5 = (As+l - 2) Ak+-l + a; 
Q4s+6 = &49+1 - 1) A--l - (As+2 
Since 
- 2a). 
1<1+ As+2 - 2a - 2 + r As+2 
Q 4s+5 
= X48+5 < ’ + 2,” _ 2Ak-s-1 _ 2A8+2 
<1+ 
Ak-1 
2Ak - 2A”-1 _ 2A”-’ 
<1+;<2, 
(4.13) 
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we obtain 
Since 
w + Ak - 2Ak-“-l + a 
2A” - ‘?A”-8-l - Aa+2 + za =1+-L-; x4.9+6 
P 4a+6 = A” - (A8+2 - a); Q49+6 = As+2. (4.14) 
2(Ak-s-2 - 1) < 2(Ak-S-2 - 1) + 
As+2 - 2 + I ZzT As+2 x4s+5 
< 2(Ak-S-2 - 1) + 1, 
we obtain 
b 4s+6 = 2(Ak-“-2 - 1). (4.15) 
But formulas (4.1 l)-(4.15) are the same as (4.10) with s replaced here by 
s+ 1. 
The reader will verify easily that no successive P, - s or Q, - s can be 
equal. It is further easily seen that formulas (4.10) (i), (ii), also hold for 
s = k - 1. We then obtain from (4.10) (ii), for s = k - 1, 
w+Ak-2A-a = A”-1 - 2 + 1 
2A -; x4k-3 
P4k-3 = A” - 2A + a; Q4Lp3 = Ak - 2(U + 1). (4.16) 
It is here where formulas (4.10) are not valid any more; for by (4.lO)(iii) we 
would have b4k-3 = 1, while actually 
w + P4k-3 = 2Ak - 4(a + 1) + r = 2 I 1 . 




-2+J-; Ak--a-2 - 
x4k-2 
P,k-, = Ak - (a -!- 2), Q4k-2 = 2. (4.18) 
Since Ak - (a + 2) -c A” - (a + 2) + (r/2) = xqk-2 < Ak - (a + 2) + 
1, we obtain 
w+Ak-a-2 
2 = A” - (a + 2) + & ; 
P,,-, = Ak - (a + 2) = P&2 = b, . (4.19) 
The length of the primitive period is therefore 2 + 8(k - 2) + 7 --I 
2 + 1 = 4 (2k - 1), and we can now state 
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THEOREM 4. Let a, k > 1 be naturalnumbers, w2 = [A” - (a + l)]” - 
A, A = 2a + 1, w2 squarefree. The expansion of w, as aperiodic continued 
fraction, has a primitive period of Iength 4(2k - 1) and the form, 
w = Lb,, b, , bz ,..., b-1 3 b,,, b,,+, 3 hs+2 ,... 
**., 4k 5 P 4k 4 > 4k 3 3 b _ b _ b _ b41c-2, b,,-, ,..., b, , b, , 26,]; 
b, = A” - (a + 2); b, = 1, b, = 2A”-1 - 3. , 
b48-1 = 1; b,,=A*-2; b4s+l= 1; 
(4.20) 
b 48+2 = 2(&-8-l - 1); s = 1, 2,..., k-2,k>,3; a 2 2; 
b4k-5 = 1; b,,-, = A”-l - 2. f b,,-, = 2; b4k-2 = b, . 
For k = 2, a 3 1 the following expansion holds. 
((4a2 + 3u)2 - (2a + 1))“‘” 
= [4a2 + 3a - 1, 1, 4a - 1, 1, 2a - 1, 2, (4.21) 
4a2 + 3a - 1,2,2a - 1, 1,4a - 1, 1, 8a3 + 6a - 21 
For k = 1, a > 4, the following expansion holds. 
(a2 - 2a - 1)li2 = [a - 2, 1, a - 3, 1, 2(a - 2)]. 
5. EXPANSION OF w = ([Ak + (A - 1)12 + 4A)l12; 
A=2db,bodd > l;d>l;k>2 
The formulas hold (d and b not both equal to 1). 
w2 = A2” + 2(A - 1) Ak + (A + 1)2; [w] = A” + A 
w=[w]+r,O<r<l. 




w = A” + A - 1 + (l/x,); P,=A”+A-1; Ql = 4A. (5.2) 
w+A”+A-1 1 
4A 
= 2d-‘bA”-2 + _ . 9 
(5.3) 
P, = Ak - (A - 1); Q, =x;A - 1) A”-l + 1. 
w+Ak-(A-11) =2+L. 
(A - 1) A”-l + 1 x3 
, (5.4) 
P, = (A - 2) A”-” + (A + 1); Q3 = 4Ak-l. 
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II’ + (A - 2) A”-l + A + 1 = 2d-‘b _ 1 $ L . 
4A”-1 x4 
> 
P* = (A - 2)Ak-1 - (A + 1); 
Q4 = (A - 1) A”-’ + [A2 - (A + I)]. 
w + (A - 2) Ak-l - (A + 1) 
(A - l)A"-1+ [A2 -(A + l)] = l + $; 
p, = A’;-’ + AZ. 
Q5 = (A + 1) ,4-l - [A2 + (A + l)]. 
w + A”-1 + A2 
(A + I) A”-’ - [A2 + (A + I)] = 1 + $ ’ 
P, = A” - [2A2 + (A + l)]; 
Q, = 4A2; b, = 2d-‘bA”-3 - 1. 




(i) P5R-3 = A” - [2A” - (A + l)]; 
Qs9a3 = (A” - 1) A”-* - [A” - (A + l)]; b,,-3 = 2; 
(ii) PSsU2 = (AS - 2) A”-* + A + 1; 
Q5s-2 = 4A”-“; bssw2 = 2d-1bAs-1 - 1; 
(iii) PbsMl = (A” - 2) Ak-” - (A + 1); 
Qssel = (A” - 1) Ak-* + [As+l - (A + l)]; b,,-, = 1; 
(iv) Ps8 = Aks8 + A8f1; (5.8) 
Q5, = (A8 + 1) Ak-* - [As+’ + (A + l)]; b,, = 1; 
(9 pa+1 = AL - [2AS+l + (A + l)]; 
Q58+1 = 4As+‘; b,,,, = 2d-$Ak-‘S+2’ - 1; 
s = l,..., k - 2. 
Proof by Induction. Formulas (5.8) are correct for s = 1, as can be 
verified from (5.3~(5.7). We shall prove that (5.8) holds for s substituted 
by s + 1. We obtain from (5.8)(v) 
W + A” - ~4”+~ - (A + 1) = 2d-QA”-‘S+2) 
4AS+’ -1+L; %s+2 
P 68+2 = A” - [2A3+l - (A + l)]; (5.9) 
Q 5s+2 = (A”+’ - 1) A”+-’ - [ASi - (A + l)]. 
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Since,withl <s+l bk--l,A34, 
- 2 < 2 + 2A”-+l 2 + r Q = %.s+2 
59+2 
<2+ 2A”-1 2 
Ak - 2Ak-1 =2+A-2<3, 
we obtain 
w + Ak - 2AS+l + A + 1 1 
A” - Ak-s-1 - AS+1 + A + 1 = 2 + x5s+3 ; 
P 5S+3 = (A8+l - 2) Ak--s-l + (A + 1); Q5g+3 = 4Ak+l. (5.10) 
Since 
w + pm+3 
Q 5.w3 
= 2"-lbA8 _ 1 + 2A;;-:12A + r < 2d-lbAs 
9 
we obtain 
w + A” - 2Ak-+l + A + 1 
4A k--8--1 
= 2d-1bA” _ 1 + & * 
68+4 ’ 
P 5st4 = (A”+’ - 2) Ak+--l - (A + 1); (5.11) 
Q b9+4 = (As+l - 1) Ak-=+l + [As+2 - (A + l)]. 
Since 
1<1+ 
A” _ Ak--s-l _ AS+2 + A _ r 
A” _ Ak--s-l + As+2 _ A _ 1 = x5s+4 < * + *, 
we obtain 
w + AX‘ - 2A”-“-I - (A + 1) 1 
A” _ A”-S-1 + As+!4 _ (A + 1) = ’ + x6s+5 ; 
P 65+b = A?=--s-1 + As+2; (5.12) 
Q Ss+5 = (A8+l + 1) Ak-+-l - [A8+2 + (A + l)]. 
Since 
1< 
w + AL-s-1 + As+" 
Ak + Ak--s-l _ As+2 - (A + 1) =1+ 
2A8t2 -/- 2A $ Y < 2 
Q , 69+6 
the last inequality resulting from Qs8+6 > 2A8+2 + 2A + r or A” + A2 > 
3A3i2 + 3A + 2, which is correct with 0 < s < k - 3, A > 4, since then 
Ak > 3A8+2, A2 > 3A + 2, we obtain 
u, + Ah-1 + AS+2 1 
A” + Ak-8-l _ ,48+2 _ (A + 1) =1+-; 
%+B 
P S8+6 = A’” - [2As+2 + (A + I)]; Q5n+6 = 4As+2. (5.13) 
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Since 
w + A” - 2AS+2 - (A + 1) 2A” 2ASi2+2-r =-- 
4A8+2 4AS+2 4AS+l 
= 2d-‘bAk’-S-3 _ 1 + ,., 
we obtain 
b ss+6 = 2d-lbA"-'S'3' - 1. (5.14) 
But formulas (5.9)-(5.14) are the same as (5.8) where s is replaced by 
s + 1. This proves formulas (5.8). 
Now, since A is even, Q59-5, Q5s-1 , Qss are odd (for s < k - 1). 
Further, Qssm2, Qss+l > 4. Thus no Q. = 2. Any two successive Q, - s 
are of opposite parity, with the exception of Q5s-1 , Qss . Equality of these 
two yields 
Qss-1 = Qtis 3 hence k = 2s + 1. (5.15) 
Similar considerations yield the only possibility for two successive P, - s, 
namely, 
pm-3 = p5s-2 9 hence k = 2s. (5.16) 
Thus, if k is odd, the primitive period of the expansion of w has odd 
length; if k is even, the primitive period of the expansion of w has even 
length. 
If k is odd and > 3, the length of the primitive period equals 10 
((k - l/2) - 1) + 1 + 2 + 2 + 2 + 1 + 1 = Sk - 6. 
If k is even, the length of the primitive period equals lO((k/2) - I) + 
1+1+2=5k-6. 
We can now state 
THEOREM 5. Let A = 2&b, b odd > 1, d > 2, k 3 2 be natural num- 
bers, w2 = [AA” + (A - l)]” + 4A squarefree. If k > 3 is odd, then the 
expansion of w, as a periodic continued fraction has a primitive period o, 
length 5k - 6. The expansion has the form 
w = [b, , b1 ,..., k-3 , b-2 , b,ss-1 > b,, 3 best1 ,... 
..., bf(s-n) 3 btwc--9)  b+(w) 3 b*(w) 3 bkw-9) ,..., b, , %I; 
(i) b, = A” + A - 1; b, = 2d-lbAk-2. 9 
(ii) b6s-3 = 2; bS8e2 = 2d-1bAS-1 - 1. b5s-1 = b,, = 1; 
b 5s+l = 2d-lbAk-S-2 - 1; s= 1,; . . . . . +(k - 3); k >, 5. 
(iii> b+bk4 = 2, (5.17) 
bf(5k--9) = 2d-1bA+(k-3) - 1, 
b3(5k--7) = 1. 
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For k = 3, the expansion has the form 
([A3 + (A - I)]” + 4A)‘j2 = [A3 + a - 1, 2d-1bA, 2, 2d-1b - I, 1, 1, 
2*-‘b - 1, 2, 2d-1bA, 2(A3 + A - I)]. 
(5.18) 
If k 2 2 is even, the expansion of w, as a periodic continued fraction has a 
primitive period of length 5k - 6. The expansion has the form 
w = [b,, b, ,..., &s-a, &s--2, h-1 , b,, , bw >a.., 2 ,... 
. ..) b ss+l , his, b-1, h-2, L-, >..., b, , %,I; 
s = 1, 2,..., +(k - 2); k > 4. (5.19) 
b, 3 b, , h-3 , L2 , b-1 9 b,, , his+1 as in (5.17)(i), (ii). 
For k = 2, the expansion has the form 
([A2 -+- (A - l)]” + 4A)1’2 
= [A2 + A - 1, 2‘+-lb, 2, 2d-1b, 2(A2 + A - l)]. (5.20) 
EXAMPLE 1. For d = 2, b = 1, A = 4, we obtain from (5.18), 
(4505)‘/2 = [67, 8, 2, 1, 1, I, 1, 2, 8, 1341. 
EXAMPLE 2. For d = 2, b = 1, A = 4, we obtain from (5.20) 
(377)1/Z = [19, 2, 2, 2, 381. 
The reader should note that for k = 1, we obtain the known expansion 
(4A2 + 1)112 = [2A, a]. 
As is known in the case of an odd period of length 2r + 1, the formulas 
hold. 
w2 = f’:+:l + Q;+l . (5.21) 
In our case 5k - 6 = 2r + 1, hence 
r + 1 = +(k - l), (5.22) 
and so we obtain 
Qi,,,w + &2w-l) = [A’ + (A - 01” + 4A. (5.23) 
We obtain from (5.8)(iv), for s = &(k - I), 
Q(6/2)(1c--l) = (A+(k-l) + 1) Ak--f(k-1) - [A;(~-I)+1 + (A + I)]; 
P(~,~)(~-~) = A*-W-W + AU+-1/W, 
P(5,2)lk-1) = 2ACi+““‘; &mk-1) = A - (A + 1). 
(5.24) 
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Indeed: 
Ph-l) + Qtvz)w = 4A k+l + A2k - 2(A f 1) A” + (A + 1j2 
= A2” + 2(A - 1) AL + (A + 1)” 
= w2, by (5.1). 
6. EXPANSION OF w = ([Ak - (A - I)]” + 4A)lj2, 
A=2db,d>l,b3 lodd,k>2 
The formulas hold (d and b not both equal to 1). 
w2 = A2k - 2(A - 1) Ak + (A + 1)2; [w] = Ak - (A - 1); 
w = [w] + r; O-=Cr<l. (6.1) 
The reader will easily verify the expansion 
w = A” - (A - 1) + (l/x,); PI = A’” - (A - 1); Q, = 4A. (6.2) 
w+A”-A+1 
4A 
= 2d-lbAk-2 - 1 + $ , 
P2 = Ak - (3A + 1); 
Q, = (A + 1) Ak-l - (2A + 1); 
(6.3) 
up + A” - 3A - 1 
Ak + A”-’ - 2A - 1 =1+$ 
p, = Ak-1 + A- , Q3 = (A - I) A”-1 - 1; (6.4) 
w + A”-l + A 
AL - Ak-1 _ 1 =1+-$ 
P, = (A - 2) A”-1 - (A + I); Q4 = 4Ak-l; (6.5) 
w + A2 - 2A”-1 - A - 1 
4A”-l 
= 2d-lb - 1 + L, 
x5 
P, = (A - 2) Ak-l + (A + 1); 
Q5 = (A - 1) Ak-l - [A2 - (A + l)]; 
(6.6) 
w + Ak - 2Ak-1 + A + 1 1 -- 
Ak-Ak-l-A2+A+l =2+x,’ 
P, = Ak - [2A2 - (A + I)]; Q, = 4A2; (6.7) 
b, = 2d-lbAk-3 - 1. (6.8) 
64G/4-7 
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The following formulas are easily proved by induction, for s = 0, I,..., 
(9 p5s+l = A k - [2ASfl - (A + l)]; 
Q5,s+l = 4As+l; b5s+l = 2d-lbAk-s-2 - 1; 
(ii) PSst2 = A” - [2AS+l + (A + l)]; 
Q SSi2 = (AS+1 + I) A--’ - [As+1 + (A + I)]; b,,,, = 1; 
(iii) P,,+, = Ak-s-l + As+‘; 
Q 5,$+3 = (A”+1 - 1) Ak-s-1 + [As+1 - (A + l)]; b,,,, = 1; 
(3 P58+4 = (AS+1 - 2) Ak-s--l - (A + 1); 
Q5,q+4 = 4Ak-a-1; b,,,, = 2d-1bA8-’ - 1; 
(v) P5,?+h = (AS+1 - 2) Ak-s-1 + (A + 1); 
Q 5s+5 = (As+1 - 1) A”-3-1 - [As+2 - (A + I)]; &+s = 2. 
(6.9) 
Formulas (6.9) are correct for s = 0, as follows from (6.2)-(6.6). Then it is 
proved, as in the previous Sections, that they are true for s being replaced 
bys + 1 in (6.9). 
Since P5S+6 = Ak - [2A@ - (A + l)], we see that 
p5st5 = p5st.5 for k = 2s + 3. (6.10) 
It is further seen 
Qu+s = Q5,+3 for k = 2s + 2. (6.11) 
In case (6.10) the length of the primitive period in the expansion of w is 
even and equals 10 . $(k - 3) + 8 + I + 1 = 5(k - l), k > 3. 
In case (6.11) the length of the primitive period in the expansion of w is 
odd and equals 10 * $(k - 2) + 2 + 2 + 1 = 5k - 5. We can now state 
THEOREM 6. Let A = 2db, b odd 3 1, d > 2, be natural numbers, 
w2 = [AL - (A - l)]” + 4A squarefree. If k > 3 is odd, then the expan- 
sion of w as a periodic continued fraction has a primitive period of length 
5(k - 1). The expansion has the form 
w = lb, ,-.., bm+l, b,,+, 9 ha+3 9 &+a, bss+ei ,..., btw-13) , b&k-u) 7 
b*(w) 3 bw--7) > b+m-5) 7 b*(m-7) 3 bt(cik--9) >.-., 2bol; 
b 5s+l = 2”-lbA”-“-2 - 1; 
b 5s+2 = 1; 
b 5Sf3 = 1; (6.12) 
b 5s+4 = 2d-1bAS - 1; 
b - 2; s = 0, I,..., Q(k - 5); 5e+5 
b+(5k-13) = 2d-lb/f+‘“-1’ - l- 3 b+(m-11) = b+w-r,) = 1; 
bQ(5k-,) = 2d-lb/j+--3) - 1; bt(se-5) = 2. 
b, = AL - (A - 1). 
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For k - 3, w has the expansion 
([A3 - (A - I)]2 + 4A)1/2 
= [A3 - A + 1, 2d-1bA - 1, 1, 1, 2d-1b - 1, 2, 
2d-1b - 1, 1, 1, 2d-1bA - 1, 2(A3 - A + l)]. (6.13) 
If k > 4 is etlen then the expansion of w as a periodic continued fraction has 
a primitive period of length 5k - 5. The expansion has the form 
1” = [b, ,..., b,,+, 3 bn+z 3 his+3 > L-4 7 bm-i5; 
. . . . &,k--8) , 1, 1, b+(w) ,..., 2b,l; 
b, = Ak - (A - 1); 
b,,,, > b,,,, 9 &is+3 > &+a 3 bss+s as in (6.12); 
s = 0, I)..., *(k - 4), 
(6.14) 
bi(5t-8j = 2d-1bA*‘“-2’ - 1. 
For k = 2, the expansion of w is 
([A2 - (A - l)]” + 4A)lj2 
=[AZ-A+l,2d-1b-l,l,l,2d-1b-1,2(A2-A+l)]. (6.15) 
By formula (5.21) we obtain 
P&i3 -t Pi.?13 = w2, s = $(k - 2); fk. Pt(sr-a) = 2A 3 
A+c~~-‘,) = A” - (A + 1). 
(6.16) 
Indeed: 
(2A2”)2 + [A” - (A + I)]2 = A2” - 2(A - 1) Ak + (A + lJ2 = w2. 
7. EXPANSION OF w = ([Ak + (A + l)]” - 4A)lj2, A = 2db, b odd 3 1; 
d>l,kZl 
We can eliminate the case k = 1, for then w = (4A2 + 1)1/2 = [2A, 
G]. The formulas hold (d and b not both equal to 1). 
w2 = A2k + 2(A + 1) Ak + (A - l)2; [w] = A” + A; 
w=A”+A+r, O<r<l. (7.1) 
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The reader will easily verify the expansion 
w = Ak + A + (I/x,); PI = Ak + A; Q, = 2A” - (2A - 1). (7.2) 
w+A”+A 1 
2Ak - (2A - 1) = ’ + x, ’ 
P, = A” - (3A - 1); Q2 = 4A. (7.3) 
w+A”-3A+l 
4A 
= 2d-lbA"-Z - 1 + $; 
P, = A” - (A + 1); Q3 = (A + 1) Ak-l - 1. (7.4) 
w + Ak - (A + 1) 
A” + A”-l - 1 
P, = A”-* + A. 9 Q4 = (A - 1) Ak-l + (2A - 1). (7.5) 
w + A”-1 + A 
A” - A”-1 + 2A - 1 =I+$; 
P, = (A - 2) A”-l + (A - 1); Q6 = 4A”-‘. (7.6) 
w + A” - 2Ak-l + A - 1 
4A”-l 
= 2d-16 - 1 + r ; 
43 
Ps = (A - 2) A”-l - (A - 1); 




The following formulas are proved by induction. 
(i) P8s+l = Ak-s + A8+l; 
Q69+1 = (As + 1) Ak-S - [As+l + (A - l)]; be,+I = 1; 
(ii) P6s+2 = Ak - [2A8+’ + (A - l)]; 
Q 6s+2 = 4A”+l; b,,,, = 2d-1bAk-s-2 - 1; 
(iii) P,,,, = A” - [2A”+’ - (A - I)]; 
Q 6s+3 = (Asfl + 1) Ak-s-l - [A8f1 - (A - l)]; 
b - 1; l3s+3 - 
(iv) Pgs+4 = Ak-s-1 + AStl. 9 (7.9) 
Q 6s+4 = (Asfl - I) Ak-*-l + [A*+l + (A - I)]; 
b - 1; 6Sf4 - 
(v) P6s+5 = (A8+l - 2) Ak-@ + (A - I); 
Q 6s+5 = 4Ak+-l; b,,,, = 2d-lbA8 - 1; 
(4 P6,+, = (As+1 - 2)&L"-' -(A _ 1); 
Q6s+6 = (As+l - 1) AL-+-l + [AAs+ - (A - I)]; 
b - 1; 6sf6 - s = 0, l,.... 
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Formulas (7.9) are correct for s = 0, as can be verified from (7.2) to (7.8). 
Then it is proved that they hold for s being replaced by s + 1. 
Comparing two successive P, - .s in (7.9), we see that they are either of 
opposite parity or least to A = 1. But surprisingly enough there are two 
pairs of equal successive Qz, - s, namely, 
Q 68+3 - Q,s+, for k = 2s + 2; (7.10) 
Q - Qss+, l3s+ti for k = 2s + 3. (7.11) 
In the first case, (7.10), k is even, and the length of the primitive period is 
12((k - 2)/2) + 2 + 2 + 2 + 1 = 6(k - 1) + 1; in the second case, 
(7.1 I), k is odd and the length of the primitive period is the same, namely, 
12((k - 3)/2) + 5 + 2 + 5 + 1 = 6(k - 1) + 1. We can now state 
THEOREM 7. Let A = 2”b, b odd > 1, d > 2 be natural numbers, 
w2 = [AL + (A + l)]” - 4A, k > 1, w2 squarefree. The length of the 
primitive period in the expansion of w as a periodic continued fraction 
equals 6(k - 1) + 1. Zf k is even 3 4, the expansion has the form 
I+’ = Lb, ,..-, b,s+, 9 b,,,, 9 &+a 9 bm+4 7 btm, bes+6 >... 
. . . . b,,-, , b,,-4 7 1, 1, b-4 3 h-5 ,..., %,I; 
b, = A” + A; 
b - 1; l3s+1 - bBs+2 = 2d-1bAk-s-2 - 1; b,,,, = bBs+4 = 1; 
(7.12) 
b 6s+5 = 2d-1bAS - 1; b,,,, = 1; s = 0, I,..., a(k - 4). 
b3k-, = 1; b,,-, = 2d--lbAHJ-. 
Zf k is odd >, 5, the expansion has the form 
1~’ = lb, 3.e.y bas+l 3 ba+2 9 b,s+, 3 b,,,, 3 b,,+, , bm+, >...> hk-8 > &k--7 , 
b,,-, , b,,-, 2 L-4 , 1, 1, b,k-4 > b-5 , 6x,-, 7 bw-7 , b,,-, ,..., 2hJ; 
b, = A” + A, 
b 6Hl = 1; b 6s+2 = 2d-lbA”-S-2 - 1; b - b - ] ; 
(7.13) 
%Si-3 - l3s+4 - 
b,,,, = 2d-1bAS - 1; b,,,, = 1; s = 0, I,..., )(k - 5). 
b,,-, = 1; b,,-, = 2”-lbAi’“-1’ - 1; b,,-, = b3k-5 = 1; 
b3k-4 = 2d-‘bAt’*-3’ - 1. 
For k = 2 we obtain the expansion 
((A2 + A + 1)2 - 4A)lj2 
= [A2 + A, 1, 2d-1bA - 1, 1, 1, 2d-1b - 1, 1, 2(A3 + A)]. (7.14) 
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For k = 3 we obtain the expansion 
((A3 + A + 1)2 - 4A)1/2 
= [A3 + A, 1, 2d-1bA - 1, 1, 1, 2d-1b - 1, 1, 1, 
2d-1 - 1, 1, 1, 2d-1bA - 1, 1, 2(A3 + A)]. (7.15) 
The formula P:+l + QF+;, = w2 is also easily verified, with 2r + 1 = 
6(k - 1) + 1. 
For d = 2, b = 1, A = 4, formula (7.14) does not hold, for in this case 
w2 = 425 and is not square free. 
8. EXPANSION OF w = ([A" - (A + 1)12 - 4A)li2; 
A=2db,bodd>l,d>1;k>,2 
The formulas hold (for b and d not both equal to 1). 
w2 = A2k - 2(A + 1) Ak + (A - 1)2; [w] = A” - A - 2; 
w=Ak-A-2++; O<r<l. (8.1) 
The reader will easily verify the expansion 
w = Ak - (A + 2) + (l/x,); PI = A” - (A + 2); 
Q, = 2A” - 3(2A + 1). (8.2) 
w+A~-(A+~)=~+~. 
2Ak - 3(2A + 1) , 
P2 = A” - (5A + 1); z2 = 4A. (8.3) 
w + A” - (5A + 1) 1 
4A 




P, = A” - (3A - 1); Q3 = (A - 1) A”-l - (2A - 1). 
w+A”--A+1 1 
Ak _ Ak-1 _ 2A + 1 = 2 + x, ; 
Pa = (A - 2) A”-’ - (A - 1); Q4 = 4Ak-l. (8.5) 
w + Ak - 2A”-l - (A - 1) = 2d-lb _ 1 + L . 
4A”-l x5 
3 
P5 = (A - 2) Ak-l + (A - 1); 
Q5 = (A - 1) A”-’ - [A2 - (A - l)]. 
w + Ak - 2Ak-l + A - 1 
A” _ A”-1 _ [A2 - (A - I)] = 2 + $ ’ 
P, = Ak - [2A2 - (A - I)]; Q3 = 4A2. 
(8.6) 
(8.7) 
W + A” - 24’ + (A - 1) = 2”-lbAk-3 _ 1 + 2 
4A2 X7 
(8.8) 
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The following formulas are easily proved by induction. 
(i) PdSV1 = A” - [2A” + (A - l)]; 
Q4s-l = (A” - 1) Ak-s - (A” + A - 1); b4s--1 = 2; 
(ii) P,, = (AS - 2) A”+ - (A - 1); 
Qas = 4A”-7 bls = 2d-‘b/f+1 - 1. , (8.9) 
(iii) PJstl = (As - 2) AkBs + (A - 1); 
Q4s+l = (A” - 1) LI”-~ - (A8+l - A + 1); bwl = 2; 
(iv) P4s+2 = A’; - [2ASfl - (A - l)]; 
Q 4s+2 = 4A”+l; b4s+2 = 2d-1bA’-“-2 - 1; s = 1,2,.... 
Formulas (8.9) are correct for s = 1, by virtue of formulas (8.4)-(8.8). 
Comparing successive P, - s and Q,, - S, the following results are 
easily verified. 
p4s-1 = p4s for k = 2s; (8.10) 
P 4r+1 - - P4Sf2 fork=2s+ 1. (8.11) 
The length of the primitive period in case (8.10) equals m = 4 + 8 . 
+(k-2)+2=4k-22;incase(8.11)m=4+8*$(k-3)+5+1= 
4k - 2. We can now state 
THEOREM 8. Let A = 2db, b odd 3 1, d 3 1, be natural numbers, 
w2 = [A” - (A + l)]” - 4A squarefree. If k 3 4 is even, the length of the 
primitive period in the expansion of w as a periodic continued fraction equals 
4k - 2, and the expansion has the form 
‘2’ = hi, 6, , 6, ,...I b-1 5 b,, , b4s+l 3 hs+, ,..., X..., hk+l)--4s 2 
b 2(k+l)-48-1 2 b 2(k+l)--4s~2 9 b 2(R+l)-4s-3 ,*..I b2 , bl, 2bol; 
b, = Ak - A - 2; bI = 1; b, = 2d-IbAt- - 2. 
b4S-1 = 2; bls = 2d-IbAY- - 1. 3 b - 2; 4r+1 - 
b4si2 = 2d-%A”-S-2 - 1. 3 s = 1, 2 )..., $(k - 2). 
For k = 2, we obtain the expansion 
(8.12) 
((A2 - A - 1)2 - 4A)1/2 
= [A2 - A - 2, 1, 2d-1b - 2, 2, 2d-1b - 2, 1, 2(A” - A - 2)] 
(A > 4). (8.13) 
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If k 3 5 is odd, the length of the primitive period in the expansion of w as a 
periodic continued fraction also equals 4k - 2, and the expansion has the 
form 
w = P, 3 b, 7 b, ,..-, he-1 , b,, , b,,,, , be+2 ,... 
. . . . &a--3 , &+-2 , 2, L-2 , ba-3 , . . . . 4, , b, , &,I 
b,, b, 3 b, 7 be-1 3 his , bas+l, b 
(8.14) 
4s+e Srom (8.12); 
s = 1, 2,..., +(k - 3); 
b,,-, = 2; bzkp2 = 2d-lbA W---3) - 1. 
For k = 3, we obtain the expansion 
((A3 - A - 1)2 - 2A)l12 
= [A3 - A - 2, 1, 2d-‘bA - 2, 2, 2d-‘b - 1, 2, 
2d-‘b - 1, 2, 2d-‘bA - 2, 1, 2(A3 - A - 2)]. (8.15) 
9. EXPANSION OF w = ([(4A)” + (A - 1)]2 + 4A)W; 
A = 2db, b odd; d > 2 
Though, at a first glance, the strucute of w looks similar to that in 
Sections 5-8, there are surprising restrictions on the choice of A, and k. 
The reader will easily verify the following expansion and formulas. 
w2 = (4A)2” + 2(A - 1)(4A)” + (A + 1)2; 
[w] = (4A)” + A - 1; w = (4A)k + A - 1 + r; O<r<l. 
(9.1) 
w = (4A)k + A - 1 = (l/x,); PI = (4A)k-1 + A - 1; Q, = 4A. 
(9.2) 
w + (4A)k + A - 1 
4A = 2(4A)“-l + $ ; 
P2 = (4A)” - (A - 1); Q2 = 4(A - 1)(4A)k-’ + 1. (9-3 
w + (4A)k - (A - 1) = 2 + -!-. 
4(A - 1)(4A)“-’ + 1 x3 
P, = 4(A - 2)(4A)k-1 + (A + 1); Q, = 16(4A)k-1. WV 
W + 4(A - wA)“-’ -b (A -t 1) = 2d-lb _ 1 6(4A)“-1 1 + 1.. x4 9 
P4 = 4(A - 2)(4A)“-l - (A + 1); 
Q4 = 4(A - 1)(4A)“-l + [A2 - (A + l)]. (9.5) 
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w + (4A)k - 8(4AF - (A + 1) 
(4A)‘” - 4(4A)“-1 + [A2 - (A + I)] = * + k ; (9.6) 
P5 = 4(4A)“-1 + A2; Q5 = 4(A + 1)(4A)‘-1 - [A2 + (A + *)I. 
w + 4(4A)“-1 + A2 
(4A)‘” + 4(4A)k-1 - [A2 + (A + l>l = 1 + k ; 
P, = (4A)” - [2A2 + (A + 1% Q, = 4A2. (9.7) 
w + (4A)” - [2A2 + (A + *)I = 8(4A)k-2 - 1 + 1. 
4A2 x7 
(9.8) 
The reader will now verify by induction the formulas 
(0 PsSt2 = (4A)” - [2AS+l - (A + l)]; 
Q 5s+2 = 4s+1(As+1 - 1)(4A)“-“-l - [A”+l - (A + l)]; 
b - 2; 58+2 - 
(ii) P6g+Q = 4 *+l(A8+l - 2)(4A)k-“-1 + (A + 1); 
Q5s+3 = 4S+2(4A)k-S-1; b,,,, = 2d-1bAs - 1; 
(iii) P5s+4 = 4 s+l(As+l - 2)(4A)k-“-’ - (A + 1); 
Q 58+4 = 4sf1(As+1 - 1)(41I)~-“-l + [AS+2 - (A + l)]; 
b - 1; 58f4 - 
(iv) p58+5 = &+l(&Qk-S-1 + Asf2; 
Q5s+5 = 48+1(As+1 + 1)(4/I)“-“-l - [A”+2 + (A + l)]; 
b 5s+5 = 1; 
(v) P6s+6 = (4A)k - [2A8+’ + (A + l>l; 
Q5s+6 = 4A8+2; b5s+6 = 2 * 48+1(4A)k-8-2 - 1, 
s = 0, I,.... 
(9.9) 
Formulas (9.9) are correct for s = 0, in virtue of formulas (9.3H9.8); then 
it is proved that they are correct ifs replaced by s + 1. 
Comparing successive P, - s, we see that the only possibility of equality 
is 
(1) p5,+2 = p,s+, ' (9.10) 
This implies 
4k = AO(s+lbk. 
> A = 2”, b = 1. 
From (9.11) we obtain 2k = d[Z(s + 1) - k], hence 
k(d + 2) = 2d(s + 1). 
(9.11) 
(9.12) 
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Solving the Diaphantine equation (9.12), we obtain all possible solutions 
as follows. 
(a) k = 2ud; s=u(d+2)- 1; 24 = 1, 2,...; 
(b) k = 2~; d = 2t; s=(t+ l)u- 1; t, u = 1, 2,...; 
(c) k = (2~ + 1) d; s = &(d + 2)(2u + 1) - 1; d = 0 (mod 2); 
(d) 2k = (2~ + 1) d; 4s = (d + 2)(2u + 1) - 4; d = 2 (mod 4). 
(9.13) 
The reader should note the following procedure. After k and d have been 
chosen from (9.13)(a)-(d), s is a function of k, d, for constant k, , d,, we 
shall denote 
so = Wo > do). (9.14) 
The length of the primitive period in the expansion of w for any choice of 
(k, d) from (9.13) then becomes m = lOs, + 4. 
Comparing successive Qu - s, we see that the only possibility of 
equality is 
(11) Qa+4 = Qss+5 . (9.15) 
This implies 
4” = A&+3-k; A = 2d; b = 1. (9.16) 
From (9.16) we obtain 2k = d(2s + 3 - l), hence 
k(d + 2) = d(2s + 3). (9.17) 
Solving the Diaphantine equation (9.17), we obtain all possible solutions 
as follows. 
(a) k = ud; 2s + 3 = ~(2 + d); u, d = l(2); 
(b) k = ut; d = 2t; 2s + 3 = u(t + 1); (9.18) 
u = l(2); t zz O(2). 
We again denote so = F(k, , do), for any choice of fixed k and d from 
(9.18). The length of the primitive period in the expansion of w for any 
choice of (k, d) from (9.18) then becomes m = IOs, + 9. For d = 1 
(b = I), we obtain w = ((Sk + I)” + 8)lj2, which is easily expanded and 
is left to the reader. We can now state 
THEOREM 9. Let A = 2”, d >, 2, w2 = [(4A)” + (A - l)]” + 4A 
squarefree. If (k, , do , so) is any solution vector of the Diaphantine equation 
(9.12), given by the value table (9.13)(a)-(d), then the primitive period in 
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the expansion of w as a periodic continuedfraction has length m = lOs, + 4 
(so 3 I), and the form 
1” = [bo 2 6, ,.... ‘bs+z, bw+a, b,,,, , L+r,, b ss+o ,..., L.. 
. . . . b,cs,,-s,,, 3 hits,,--s) , ho-s)-1 , &so-s)-2 , b5(so-a)-s ,.a., b, , %,I; 
b, = (~A)“o + A - 1; b, = 2(4A)“‘+; (9.19) 
b 5s+2 = 2; b,,,, = 2+lAs - 1; b - hi5 = 1; 5s+4 
b Bs+o z 2 . 4s+1(4A)ko-S-2 - 1 ; s = 0, I,.. .) s(J - 1. 
If &l > so 7 do) is any solution vector of the Diaphantine equation (9.17), 
given by the value table (9.18)(a), (b), then the primitive period in the 
expansion of w as a periodic continued fraction has length m = lOs, + 9, 
and the form 
M’ = [bo 2 b, ,..., bw , b,,,, , b,s+il , b,,,, , bss+o ,... 
. . . . 2, 2do-1bAso - 1, 1, 1, 2%-lbASa - 1, 2 ,..., b, , 2b,], (9.20) 
vlphhere the b, , b, , b,,,, ,. . ., b5s+6 are the same as in (9.19), 
s = 0, I)...) so - 1. 
IO. EXPANSION OF w = ([(4A)k + A + 11’ - 4W2; 
A = 2db, b odd, d 3 2 
The reader will easily verify the formulas and expansions 
w2 = (4A)2” + 2(A + 1)(4A)” + (A - 1)2; [w] = (4A)” + A; 
w = (4A)” + A + r; O<r<l. (10.1) 
w = (4A)” + A + (l/x,); PI = (4A)” + A; Q1 = 2(4A)k - (2A - 1). 
(10.2) 
w + (4A)k + A 1 
2(4A)” - (2A - 1) = 1 + x, ’ 
P2 = (4A)” - (3A - 1); Q2 = 4A. (10.3) 
w + (4A)‘; - (3A - 1) 
4A = 2(4A)“-1 - 1 + $ ; 
P, = (4A)k - (A + 1); Q3 = 4(A + 1)(4&-l - 1. (10.4) 
IV + (4A)* - (A + 1) 1 
(4A)k + 4(4A)k-’ - 1 = ’ + x, ’ 
P, = 4(4A)“-l + A; Q4 = 4(A - 1)(4A)‘“-1 + (2A - 1). (10.5) 
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w + 4(4A)“-’ + A 
(4A)” - 4(4A)“-l + 2A - 1 = ’ + $ ’ 
P, = 4(A - 2)(4A)“-1 + A - 1; Q, = 16(4A)“-I. 
w + 4(A - 2)(4A)k-1 + A - 1 - L 1 6(4A)“-1 = p-9 1 + 
X6 
; 
P6 = 4(A - 2)(4A)“-l - (A - 1); 
Q, = 4(A - 1)(4A)“-l + [A2 - (A - l)]. 
(10.6) 
(10.7) 
,,j + (4A)” - 8(4A)“-l - (A - 1) 
(4A)L - 4(4A)k-’ + [A2 - (A - I>] = ’ + : ; 
(10.8) 
P, = 4(4A)“-l + A2; Q, = 4(A + 1)(4A)k-1 - [AA2 + (A - l)]. 
w + 4(4A)“-l + A2 
(4A)” + 4(4A)“-1 - [A2 + (A - I)] = ’ + $ ; 
P8 = (4A)” - [2A2 + (A - l)]; Q3 = 4A2. (10.9) 
We now prove by induction the following formulas as before; they are 
correct for the parameter s = 0, and it is then proved that they are correct 
for substituting s by s + 1. 
(9 P6,+2 = (4A)k - [2A8+l + (A - I)]; 
Q 6s+2 = 4A*+l; b,,,, = 2 . 48(4A)k--s-1 - 1; 
00 PBs+3 = (4A)* - [2As+l - (A - l)]; 
Q - 48+1(A8+1 + I)(4A)k-“-’ - [Asfl - (A - l)]; ems+3 - 
b - 1; es+3 - 
(iii) P68+4 = 48+1(4A)k-s-1 + Asfl; 
Q - 4s+1(As+1 - 1)(4A)“+’ + [A8+l + (A - I)]; es+4 - 
b - 1; es+4 - 
(iv) Paa+a = 4~+1(A~+~ - 2)(4A)k+s-1 + A - 1; (10.10) 
Q 69+5 = 48+2(4A)“-“-l; bBs+5 = 2d-1bAs - 1; 
(v) P,,+~ = 4s+l(As+l - 2)(4A)“-*-l - (A - 1); 
Q Bs+6 = 48+l(A8+l - 1)(4A)k-“-1 + [As+2 - (A ; I)]; 
- 1; Es+8 - 
(vi> PBS+, = Q+l(JA)k-s-1 + As-G; 
Q 8s+, = 48+l(As+l + 1)(4A)“+l - [A8+a + (A - l)]; 
b - 1; es+7 - s = 0, l,... . 
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Comparing successive P, - s and Qv - s, we obtain the cases 
(1) Qss+3 = Qw . (10.11) 
This implies 
4” = A2’s+l’-k. 
7 A = 2d; b= 1. (10.12) 
From (10.12) we obtain 2k = d[2(s + 1) - k], 
(d + 2) k = 2d(s + 1). (10.13) 
(IO. 13) is the same equation as (9.12) and its solutions are given by (9.13). 
If (kO , d,, , so) is a solution vector of (10.13), then the length of the primitive 
period in the expansion of w equals m = lOs, + 7. 
(11) Pest6 = Qas+i . (10.14) 
This implies 
4” = A2s+3-k; A = 2’$ b = 1. (10.15) 
From (10.15) we obtain 2k = d(2s + 3 - k). 
k(d + 2) = d(2s + 3). (10.16) 
Equation (10.16) is Eq. (9.17), and its solutions are given by (9.18)(a), (b). 
If (k,-, , d,, , so) is a solution vector of (10.16), then the length of the primi- 
tive period in the expansion of w equals m = 10~~ + 13. The restriction 
on d >, 2 results from the value of b, = 2d-1 - 1 in (10.7). If d = 1, we 
would have b, = 0, which is impossible. The case d = 1, A = 2, yields 
w = ((Sk + 3)2 - 8)1/2, and the expansion of this w is left to the reader. 
We can now state 
THEOREM 10. Let A = 2d, d > 2, w2 = [(4A)” + (A + l)]” - 4A 
squarefree. If (kO , d, , so) is any solution vector of the Diaphantine equation 
(10.13), given by the value table (9.13)(a)-(d), then the primitive period in 
the expansion of w as aperiodic continuedfraction has length m = lOs,, + 7, 
and the form 
. ..) 2 . 4Sa(4A)ko-So-’ - 1, 1, 1, 2 . 4Sa(4A)ko-so-1 ,..., b, , 2bJ; 
b, = (4A)k0 + A; b, = 1, (10.17) 
b 6s+2 = 2 * 48(4A)ko-S-1 - 1; b,,,, = bss+* = 1; 
b 6s+5 = 2do-1As - 1; b,,,, = has+, = 1. 
If (k, , d,, , s,,) is any solution uector of the Diaphantine equation (10.16), 
given by the value table (9.18)(a), (b), then the primitive period in the 
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expansion of w as a periodic continued fraction has length m = lOs,, + 13, 
and the form 
‘2: = P, > b, ,..., b,,,, > b,,,, 3 ho+4 7 ho+, , bss+B , b,,,, ,-.a 
,..) 2 . 4*0(4A)~00-~ 1, I, 1, 2d0-1Aso - - 1, 1, 1, 2do-1As0 - 1, 
I, 1, 2 ’ 4S0(4A)ko-80-1 - l,..., b, , 2bJ; 
b, > b, 3 b,,,, ,+..v bm,, jiom (10.17), s = 0, I)...) s, - 1. (10.18) 
Il. EXPANSION OF w = ([Ak + (A - 1)12 + 4A)li2; 
A=2db+ l;d> l;bodd 
This expansion is remarkable in the sense that the cycles of the period 
are of length 11; so are the cycles in the next two sections, while in the last 
section the length of the cycle is even 12. We introduce the notation 
AU+l - 1 = (A - 1) A, , 24 = 0, I,...; A,,= 1. (11.1) 
We obtain the formulas 
w2 = A2” + 2(A - 1) A” + (A + 1)2; [w]=Ak$A- 1; 
w=Ak+A-l+rr; O<r<l. (11.2) 
The reader will easily verify the expansion 
w = Ak + A - 1 + (l/x,); P1=Ak+A- 1; Q, = 4A. (11.3) 
u’ + A” + A - 1 = 2”-l),A 1 
4A k-2 + - ; x2 
P, = A” - (3A - 1); Q, = (2A - 1) A”-’ - 2(A - 1). 
w+Ak-3A+l 
2Ak - A”-l - 2A + 2 
=1+$ 
P3 = (A - 1) AL-l + (A + 1); Q3 = A”-l. (11.5) 
M’ + A” - A”-l + A + 1 
A”-1 
=2A--I+-$ 
I’~ = Ak - (A + 1); Q4 = 4A2. (11.6) 
vi’ + Ak - (A + 1) = 2d-1bA 1 
4A2 k-3 + x, ; 
P, = A” - [2A2 - (A + l)]; 
p5 = (A2 - 1) Ak-2 - [AA2 - (A + l)]. (11.7) 
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M’ + Ak - 2A2 + A + 1 1 
Ak _ A”-2 _ A2 + A + ] = 2 + z’ 
P, = (A2 - 2) AL-2 + (A + 1); Q, = 4A”-2. 
w + Ak - 2Ak-2 + A + 1 
4Ak-2 = 2d-lbA, + L ; X7 
P, = Ak - (A + 1); Qi = A”. 
11’ + Ak - A - 1 1 
A3 




P* = A” - [A3 - (A + l)]; 
Q3 = &A3 - 2) A”-3 - [A3 - 2(A + I)]. 
w+A”-A3+A+1 1 
2Ak--A"-3- A3+ 2(.4 + 1) = ' + &' 
P,=(A~-~)A~-~+A+ 1; Q3 = 4A”-3. 
(11.10) 
(11.11) 
w + AL - 4Ak-3 + A + I 1 
4Ak-3 
= 2d-lbA2 - 1 + - ; 
x10 
P,, = (A3 - 2) A”-3 - (A + 1); 
Qlo = (A” - 1) A”-3 + [A4 - (A + I)]. (11.12) 
w + Ak - 2Ak-3 - (A + 1) = 1 + L. 
Ak - Ak-3 + A4 - (A + 1) x11 
, (11.13) 
p,, = A,+3 + ,44; Qll = (A3 + I) A’;-3 - [A* + (A + I)]. 
w + Ak-3 + A” 1 
,,$k + A”-3 - ‘44 - (A + 1) = 1 + G ’ 
P,, = A” - [2A4 + (A + 1)l; Q12 = 4A4. (11.14) 
w + A” - 2A4 - (A + 1) = 2d-1bA 
4A4 k-3 t L ’ x13 
(11.15) 
We now prove the formulas 
P lls+2 -= A” - [4A38+’ - (A + l)]; 
Q lls+2 = (2A3S+1 - 1) Ak-3s--l - 2[2A3S+-1 - (A + l)]; 
b - 1. 119+2 - 
P lls+3 = (A3s+1 - 1) Ak-3”-1 + (A + 1); (11.16) 
Q lls+3 = Ak--Ss=l; 
b 11s+3 = 2A3s+1 - 1. 
P ns+4 = Ak - (A + 1); Qns+a = 4A3d+2; 
b us+4 = dd-1b&-cs+,,3; 
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P - A” 11s+5 - - [2A38+2 - (A + l)]; 
Qlls+, = (A38+2 - 1) Ak-38-2 - [ASa+2 - (A + I)]; 
b - 2. us+5 - 
P lls+8 = (A3S+2 - 2) Ak-3s-2 + (A + 1); QllS+g = 4AX-3s-2; 
b ns+e = 2d-1&s+1 . 
P 119+, = A” - (A + 1); &,+, = A3@+l); 
b lls+'l = 2p-3(8+1) - 1. 
P - Ak lls+8 - - [Asts+l) - (A + I)]; 
Q lls+8 = 2(A3'"+" - 2)Ak-3'M' - [A3(N - &4 + I)]; 
b - 1. IIs+ - 
P lls+g = (Ascs+l) 4) Ak-3(s+1) + (A + 1); Q,,,,, = 4AL+“‘; 
b us+9 = 2d-‘bAa(s+l)-1 - 1, 
P lls+lo = (A3'8+1' - 2)A"-3(8+1' - (A + 1); 
Qlls+lo = (,43b+l) _ l)Ak-S'.@+ll + [,43W)+l -(A + I)]; 
b 119+10 - - 1, 
P 119+11 = A"-3'9fl' + A3'8+1'+'; 
Q llrt+ll = (AW+l) + l),.jk-W+l' - [A3(~+11+1 + (A + I)]; 
b 119+11 - - 1, 
P lls+12 = A” - [2A3cs+l’+l + (A + l)]; QrxS+r2 = 4A3(s+1)+1; 
b 11s+12 = 2d-1b&-s(s+1)-2; s = 0, l,.... (11.16) 
Formulas (11.16) are proved by induction as in the previous sections. They 
are correct for s = 0, as can be easily verified from (11.4)-(11.15). It is then 
proved that (11.16) holds for s substituted by s + 1. This proof is left to 
the reader. 
Comparison of successive P, - s and Qu - s shows that equality can 
hold only in the following cases. 
P 11s+5 - - pm+e implying k = 2(3s, + 2); k = 4 (mod 6); 
so = &(k - 4); k > 4. (11.17) 
Q 11s+10 = Q 118fll implying k = 6(s, + 1); k = 1 (mod6); 
so = Q(k - 7); k > 7. (11.18) 
In case (11.17) the length of the period equals m = 2 + 22~~ + 6 + 2 = 
+(I Ik - 14). In case (11.18) the length of the period equals m = 2 + 
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18 + 3 = $(llk - 14). It is easily verified that g(llk - 14) is even while 
+-(I Ik - 14) is odd for the corresponding residue classes of k. We can now 
state 
THEOREM II. LetA=2db+1,d~1,bodd,w2=[A~+((A-l)]2+ 
4A squarefree; further let k I= 4 (mod 6), k > 4, s,, = &(k - 4). Then the 
length of the primitive period in the expansion of w as a periodic continued 
fraction equals $(I Ik - 14), and the expansion has the form, for k > 10, 
M’ = h 3 bl ?...T bll,,, 3 bm+3 Y-‘-Y h1s+12 9*-.9 b11so+2 b11so+3, 
b 1ls,+4 9 29 h1s0+4 3 Lo+3 7 h)+2 bl? >*..3 2hl1~ 
b,= A”+ A- 1; b, = 2d-‘bA _ . k 27 b 11s,+2 = 1; 
b llso+3 = 2A+‘k-2’ - 1; b,,,,,, = 2d-1bAtk-z ; bllsfz = 1; 
b lls+3 = 2A3”+l - 1; blls+h = 2d-1bAk-3(s+l) ; b,,,,, = 2; 
b lls+6 = 2d-1bA,,+, ; blls+, = 2AlC-3(*+1) - 1; blls+8 = 1; 
b lls+Q = 2d-1bA,s,2 ; bllstlo = bns+n = 1; 
b 119+12 = 2d-1bAk-3(s+l)-2 - 1; s = 0, I,..., s,, - 1; 
A, = (A - 1)-l (AU+l - 1); 24 = 0, l,...; A,= 1. (11.19) 
If k = 4, the expansion of w has the form 
([A* + (A - I)]” + 4A)1’2 
= [A4 + A - 1, 2d-lb(A2 + A + l), 1, 2A - 1, 2d-1b, 2, 
2d-1b, 2A - 1, 1, 2d-‘b(A2 + A + I), 2(A4 + A - l)]. (11.20) 
If k = 3, the expansion has the form 
([A3 + (A - 1)12 + 4AY2 = tb,, bl,..., b,, 9 b,, , b,, > b,, ,..., b, , &,I; 
b,=A3+A- 1; b, = 2d-1b(A + 1); b, = 1; 
b, = 2A - 1; b, zz 2d-lb. 2 b, = 2; b, = 2d-1b(A + 1); 
b,=b,= 1; bQ=2d-1b(A2+A)+A-I; b,,=2A2+ 1; 
bII = 1; b,, = 2d-1b - 1. 9 b,, = b,, = 1. (11.21) 
The length of the primitive period in the expansion of w for k = 3 equals 27. 
Further, let k = 1 (mod 6), k >, 7, s0 = &(k - 7). Then the length of the 
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period in the expansion of w as a periodic continued fraction equals 
&(l lk - 14), and the expansion has the form, for k > 13, 
w = h 3 b, ye.., bm+, 3 bm+3 ye.., b+u ,..., Lo+, , b ns,,+s ,... 
*.*, b 11q,+9 3 1, 1, be.,,+9 bm,+a ,..., b,,,,, ,..., bl , &,I; 
b,=A”+A - 1; 6, = 2d-1bA _ k 2; b - 1; 11so+2 - 
b 11ao+3 = ~4*'~-" - 1; b,,,,, = 2d-1bAj(t+l) ; bm,,,, = 2; 
b llso+6 = 2d-1bktj(k-s) ; bllnO+, = 2A+‘k+1) - 1; b11SO+8 = 1; 
b 11s~t.9 = 2d-1bAj(k-,) - 1; 
b 119+2 9 bm,, ,..-, hls+lz as in (11.19); s = 0, l,..., sg - 1. (11.22) 
It is left to the reader to$nd the expansion of w for the cases k = 5, 6, 7. 
12. EXPANSION OF w = ([Ak - (A - l)]” + 4A)l12; 
A= 2db+ l;d> 1;bodd 
We use the notation, as before, 
A”+l - 1 = (A - 1) A,; u = 0, l,...; A,, = 1; 
$(A”fl - 1) = 2d-1bA, . (12.1) 
The following formulas hold 
,9 = ,42” - 2(A - 1) A” + (A + 1)2; [w] = Ak - A + 1; 
w=Ak-A+++$-, O<r<l. 
(12.2j 
The reader will easily verify the expansion 
w = A” - A + 1 + (l/x,); Pl=Ak-A+$; Q, = 4A. (12.3) 
W + A" - A + 1 = 2d-1bA 1 
4A k-2 + x, ; 
P, = A” - (A + 1); Q, = Ak-I. 
w+Ak-A-l 
A”-1 =2A-l+-$ 
P, = (A - I) A”-1 + (A + 1); 
Q3 = (2A - 1) A”-l - 2[2A2 - (A + l)]. 
w + A” - A”-’ + A + 1 1 
2A” - A”-1 - 4A2 + 2(A + 1) = ’ + x, ’ 
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w + A” - 4AZ + A + 1 = .p’bA 
4A2 b-3 
_ * + _L. 
xg ' 
P, = A” - [2A2 + (A + l)]; 
Q3 = (A2 + 1) A”-2 - [A2 + (A + I)]. (12.7) 
M’ + Ak - 2A2 - (A + 1) 1 
Ak + A”-2 -AL(A+l)=*+~; (12.8) 
P, = Ak-2 + A2; Q6 = (A2 - 1) Ak-2 + [A2 - (A + I)]. 
)I’ + Ak-2 + A2 1 
AL _ Ak-2 + A2 _ (A + 1) = * + lc, ’ 
P; = (A2 - 2) Ak-2 - (A + 1); Q, z JAk-2. (12.9) 
M’ + A” - 2A”-2 - (A + 1) = 2d-lb/j _ 1 + 1. 
4Ak-2 1 s* ' 
P, = (A2 - 4) Ak-2 + (A + 1); 
Q8 = 2(A2 - 2) Ak-2 - [A3 - 2(A + I)]. 
w + A” - 4Ak-” + A + 1 1 
2A” - 4A”-2 - A3 + 2(A + 1) = * + Tg’ 
Pn = A” - [A3 - (A + I)]; Q, = A3. 
it’ + A” -A3+A+1 1 
A3 
= 2Ak-3 - 1 + _- . 
XIII 
P,, = A” - (A + 1); Qlo = 4Ak-3. 
w + Ak - (A + 1) 
4A”+ 





P,, = (A3 - 2) Ak-3 + (A + 1); 
Qll = (A3 - 1) Ak-3 - [A4 - (A + I)]. (12.13) 
IV + A” - 2Ak-3 + A + 1 1 
A” - A”-3 - ,44 = + A + 1 2 + x. 
(12.14) 
We shall now prove the important formulas 
P lle+l = Ak - [2A38+1 - (A + l)]; Qlls+l = 4A3S-‘; 
b lls+l = 2d-fbAb-3s-2 . 
P lls+2 = A” - (A + 1); Qllst2 = Ak-38-1; bllaie = 2A3s+1 - 1. 
P lls+3 = (A3s+1 - 1) Ak-35-1 + (A + 1); (12.15) 
Qlls+3 = (2A38+1 - 1) Ak-3s-1 - 2[A3S+2 - (A + l)]; 
b - 1. llSi3 - 
482 LEON BERNWEIN 
P 11s+4 = Ak - [4A3”f2 - (A + l)]; Qlls+4 = 4A3s+2; 
b us+4 = 2d-1b&s(s+l) - 1. 
P llS++ = A" - [2A3S+3 + (A + l)]; 
Q 119+5 = (A35+2 + 1) Ak-3s+2 - [A38+2 + (A + I)]; b,,,,, = 1. 
P 11s+6 = Ak-38-2 + A38+2; 
Q 118+6 = (A3s+2 - 1) Ak-3s-2 + [A3s+2 - (A + l)]; bllsts = 1. 
P llsf, = (A3s+2 - 2) Ak--3s--2 - (A + 1); Qlls+, = 4Ak-3S-2; 
b 119+7 = 2”-1bAss+l - 1. 
P lls+3 = (A3s+2 - 4) Ak-3”-2 + (A + 1); 
Q lls+l = 2(Ass+2 - 2) Ak-38--Z - [A3@+l) - 2(A + l)]; 
b - 1. 11s+a - 
P lls+o = Ak - [A3ts+l) - (A + l)]; Q118+9 = A3(s+11; 
b lls+2 = &jk-a(s+l) - 1. 
P’ lls+lo = A” - (A + 1); Qlls+lo = 4Ak-3’8+1’; 
b lls+lo = 2”-1bAs,+, . 
P lls+ll = (AStsfl) - 2) Ak-%s+l) + A + 1; 
Q nstn = (A S&+1, _ 1) Ak-3b+l) - [,43’3+1’+1 - (A + I)]; 
b - 2, 11s+11 - s = 0, I,.... (12.15) 
Formulas (12.15) are correct for s = 0, as can be verified from (12.3)- 
(12.14). It is then proved that (12.15) holds for s being substituted by s + 1. 
Comparison of successive P, - s and Q, shows the only possibilities of 
equality: 
P 11.9+11 = P 119+12 implying k = 6(so + 1) + 1; k s 1 (mod 6); 
so = Q(k - 7); k > 7. (12.16) 
Q Qm+o lls+h = implying k = 2(3s + 2); kr4(mod6); 
so = )(k - 4); k > 4. (12.17) 
In case (12.16), the length of the primitive period equals m = 20 + 22s, + 
2 = 22(x0 + 1) = (11/3)(k - 1); in case (12.17), the length of the primi- 
tive period equals m = 8 + 22x, + 2 ‘+ 1 = 1 1(2so + 1) = (11/3)(k - 1). 
So in each case, the length of the period is (11/3)(k - I), but in the first 
case it is even, in the second it is odd, because of (12.16) and (12.17). We 
can now state 
THEOREM 12. Let A = 2db + 1, d > 1, b odd, w2 = [A” - (A - 1)12 + 
4A squarefree; further let k = 1 (mod 6), k b 7, so = &(k - 7). Then the 
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length of the primitive period in the expansion of w as a periodic continued 
fraction equals (11/3)(k - l), and the expansion has the form, for k >, 13, 
w = PO 9..*3 bll,,, 9 b11s+2 ,-*‘, hs+11 Y...? b11s,+1 3 b11s0+2 2.‘. 
. ..) b lls,,+lo > 2, bnsO+lo > bnu,,+9 r..‘> buso+l ,..., 2bol; 
b lls+l = 2d-1bAk-3(s-zJ ; blls+2 = 2A3s+1 - 1; 
b us+3 - - b,,,,, = bm+o = his+8 = 1; bus+4 = 2d-1b&s(s+l) - 1; 
b lls+, = 2d-1bA,,+, - 1; b,,,,, = 2Ap-3(8+1) - I; 
b ns+lo = 2d-1bA,,,, ; bo = A” - A + 1; bl,s,+l = 2d-1bAt(k+3) ; 
bllsoCB = 2A+‘“-5’ - 1; blls0+5 = blls,,+6 = blls,+8 = 1; 
b 11s(1+4 = 2 d-lbAt(lc+l) - 1; b llso+7 = 2d-1bAt(k-5) - 1; 
b,,,,,, = 2A*(le+l) - 1; b,,,,,,, = 2d-1bA+(k-3) ; bllstll = 2. 
s = 0, I,..., so - 1; 
A,‘ = (A - 1)-l (Au+1 - 1); u = 0, I,...; A, = 1. (12.18) 
For k = 7, the expansion has the form 
([A’ - (A - 1)12 + 4A)‘i2 
= Lb,, b, 3 bz ,..., ho, 2, ho ,..., b, , b, , 2bol; 
b,=A’-A+ 1; b, = 2d-‘bA * 5, b, = 2A - I; (12.19) 
b, = b, = b, = b8 = 1; b, = 2d-‘bA4 - I; 
b, = 2”-lbA, - 1; b, = 2A4 - 1; b,, = 2d-‘bA 2. 
Further, let k = 4 (mod 6); so = &(k - 4); k > 4. Then the length of the 
primitive period in the expansion of w equals (11/3)(k - 1). and the expan- 
sion has the form, for k > 10, 
w = [bo .a..> blla+l 7 bns+z >..., bns+ll >...> blln,,+l , bluO+z , blls,+s , 
b 11so+4 1 ‘3 1, Lo+4 7 bns,,+a 3 bms,,+z , bm,,,, ,..., &,I 
bo 3 bns+l 7 bns+z ,..., bm+n as in (12.18); 
b lls,+l = Zd-lbAt, ; b,,, +2 = 2A+‘“-2’ - 1; 
(12.20) 
b - 1; 11srJ+3 - bllso+4 = 2dO-1bA,,,_2, - 1; 
s = 0, I,..., so - I; A, as in (12.18). 
For k = 4, the expansion has the form 
([A4 - (A - l)]” + 4A)l12 
= [bo > bl, bz 9 b, > b, 7 1, 1, b, , b, , b, , b, , 2b,]; 
b,=A4-A+$-; b, = 2d-lbA 
(12.21j 
. 2+ b, = 2A -- 1; 
b, = 1; b, = 2d-1bAl - 1. 
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13. EXPANSION OF w = ((A* + A + 1j2 - 441/2; 
A = 2% + 1; d > 1; b odd 
As before, we use the notation AU+l - 1 = (A - I) A,,; u = 0, l,...; 
A,, = 1; &(A”+l - 1) = 2d-1bA, . The following formulas and expan- 
sions will be easily verified by the reader. 
w2 = Aek + 2(A + 1) A” + (A - 1)2; [w] = A” + A; 
w=Ak+A+rr; O<r<l. (13.1) 
w = A” + A + (l/x,); P,=A”+A; Q, = 2A” - (2A - 1). 
w + Ak + A 1 
(13.2) 
2Ak-2A+l =l+x,’ 
P, = A” - (3A - 1); Q2 = 4A. (13.3) 
u, + A” - 3A + 1 
= 2d-1bA 1 
4A 
K-2 i- - ; 
x3 
P, = Ak: + (A - 1); Q3 = A. 
w+A”+A-1 
A"-1 =2A+$; 
P4 = A” - (A - 1); Qp = 4A2. 
(13.4) 
(13.5) 
w+Ak-AA1 = 2d-‘b/j 1 
4A2 k-3 + - ; x5 
P, = A” - [2A2 - (A - I)]; 
Q5 = (A2 + 1) Ak-2 - [A2 - (A - l)]. (13.6) 
w + A” - 2A2 + A - 1 1 
A” + A”-3 - A3 + (A _ 1) = ’ + x, ’ (13.7) 
p, = A”-2 + As- , Q, = (A2 - 1) Ak-2 + [A2 + (A - l)]. 
w + Ak-2 + A2 1 
Ak _ AL-2 + ,42 + A - 1 = * + x, ' 
P, = (A2 - 2) A”-2 + (A - 1); Q, = 4Ak-2. (13.8) 
w + A” - 2Ak-2 + A - 1 1 
4Ak-2 
= 2d-lbA, + - . 
x3 
, 
P8 = A” - (A - 1); Q8 = A3. (13.9) 
w+Ak-AA1 1 
A3 
= &fk-3 + - . 
x9 
3 
P, = A” + (A - 1); Qg = 4Ak-3. (13.10) 
FUNDAMENTAL UNITS AND CYCLES, J 485 
\t’ + Ak + A - 1 
4Ak-S 
= 2d-‘b& + -!- ; 
x10 
P,, = (A3 - 2) Ak-3 - (A - 1); 
Q,, = (A3 - I) Ak-3 + [A4 - (A - I)]. (13.11) 
I(’ + A” - 2Ak-3 - (A - 1) 1 
A"- A"-3+ A4-((A _ I)= ' +z; (13.12) 
PII = Ak-3 + A 4. , Qll = (A3 + 1) A”-3 - [A4 + (A - I)]. 
w + Ak-3 + A4 1 
A” + Ak-3 - ,44 - (A - ]) = ’ + z ’ (13.13) 
We now prove the formulas 
P 1os+2 = A” - [2A3S+1 + (A - l)]; Qllsfe = 4A3s+1; 
b los+z = 2-&--3s--2 . 
P 10,9+3 = Ak + (A - 1); Qlo9+3 = AkAs-l; b10s+3 = 2A3sC1. 
Plost4 = A* - (A - 1); Q10s+4 = 4A38+2; b,,,,, = 2d-1bAk-3(s+l). 
P 1os+5 = Ak - [2A38+2 - (A - l)]; 
Q 109+5 = (A38+2 + 1) A'e-3+-2 _ [As'+2 _ (A _ I)]; 
b - 1. 1os+5 - 
P 10a+6 z Ak-38-Z + ~3s+2; 
Q10s+6 = (A3s+2 - 1) Ak--3*-2 + [A35+2 + (A - I)]; 
b - 1. los+6 - 
P 10s+, = (A3S-+2 - 2) Ak-38-2 + (A - 1); QlOa+, = 4Ak-38-2; 
b los+, = 2a-1b&+l . 
P 1os+8 = Ak - (A - 1); QIOsfs = A3@+l’; blOs+g = 2Ak-3(s+1). 
P los+c, = A” + )A - 1); 
Q los+o = 4Ak-3(s+1)e 3 b,,,,, = 2d-1bA 38+2 * 
f'los+lo = (,43’s+l’ - 2) Ak--i-l) - (A - 1); 
Q 109+10 = (A3'"+1' _ l) Ak-3'8+" + [A3(S+l)+l _ (A - I)]; 
b - 1. 10a+10 - 
P los+ll = AX-Sb+l, + A3(8+1)+1; 
Q los+ll = (A3ts+l) + QAk-3'8+1' _ [AS'"+l'+l + (A _ I)]; 
b - 1; lOSfl1 - s = 0, l,... (13.14) 
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Comparison of successive P, - s and (2, - s shows the only possibility 
of equality 
Q Qlos+o 109+5 = implying k = 2(3s + 2); so = &(k - 4); 
k = 4 (mod 6); k 2 4. (13.15) 
Q los+lo = Qlos+n implying k = 6(s + 1) + 1; so = $(k - 7); 
k = 1 (mod 6); k 3 7. (13.16) 
In case (13.15), the length of the primitive period equals m = 2 + (10/3) 
(k - 4) + 6 + 2 + 1 = Q(lOk - 7). In case (13.16), the length of the 
primitive period equals m = 2 + (10/3)(k - 7) + 16 + 2 + 1 = 
+(lOk - 7). Thus in both cases, the length of the primitive period is the 
same, namely, $(lOk - 7), and is odd. We can now state 
THEOREM 13. LetA=2db+1,d~1,bodd,w2=(A~+A+1)2- 
4A squarefree; further let k = 4 (mod 6), k > 4; so = &(k - 4). Then the 
length of the primitive period in the expansion of w as a continued fraction 
equals $(lOk - 7), and the expansion has the form, for k > 10, 
w = [bo , b, ,..., ho,,, 3 b,os+, ,...> hos+ll ,.-., b,,,,,, , hoso+ 3 
b loso+ , 1, 1, hosO+ 9 hoso+ 9 hoso+ ,..., b, 9 2bol; 
b, = A” + A; b, = 1; bllso+2 = 2d-‘bAtk ; 
b 10sOf3 = 2Af’k-2’; b,,,,,, = 2d-1bAt(k-2) ; bloY+2 = 2d-1bAk-38-n ; - 
b l,,s+a = 2A3S+1; blos+4 = 2’-b&a(s+l) ; 
b - blos+o = hos+lo = blos+u = 1; 109+5 - ho,,, = 2d-1&s+1 ; 
b 1os+3 = 2~“-3(8+1); b 1os+9 = 2d-lbA 3s+2 ; s = 0, l,..., so - 1; 
AU+l - 1 = (A - 1) A, ; u = 1, 2,... . (13.17) 
For k = 4, the expansion has the form 
((A4 + A + 1)” - 4A)lj2 
= [bo,b,,b,,b3,b4, 1, Lb,,b,,bd,,2&il, 
b, = 2d-lbA2 ; 
(13.18) 
b, = A4 + A; b,= 1; 
b, = 2A; b, = 2d-1b(A + 1). 
Further let k = 1 (mod 6) k 3 7, so = &(k - 7). Then the Iength of the 
primitive period in the expansion of w as a periodic continued fraction 
equals Q(lOk - 7), and the expansion has the form, for k 3 13, 
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. ..) b loso+ 9 1, 1, b,os,+s , b104+s ,...> hoso+ ,..., b, , 2bol; 
bo 3 b, 7 ho,,, , hos+z ,..., b,,u as in (13.17), s = 0, l,..., So - 1; 
b 1os~+2 = 2d-‘bAt(k+a) ; ho,,,,, = 2Atck+; bm0+4 = 2d-1bAt(k+l); 
b b Ion,,+, = 2d-‘bAt(k-5) ; b,,,,,, = 2Affk+l); 
b (13.19) 
For k = 7, the expansion of w has the form 
((A’ + A + 1)2 - 4A)1/2 
= Lb, 2 b, , b, ,..., b, , 1, 1, b, ,..., b2, b, , 2b,]; 
6, = A’ + A; b, = 1; b, = 2d-1bA - (13.20) 
b, = 2A; b, = 2d-1bA . b, = b, =“;; 
6, = 2d-1bA 1; b, = 2;:; b, = 2d-‘bA 2’ 
14. EXPANSION OF w = ([A” - (A + l)]” - 4A)1/2; 
A=2db+l;d>l;b310dd 
This case is the most interesting of all treated in this part of the paper, 
since the length of the cycle is greater than any previous one, namely 12. 
With the previous notation, AU+l - 1 = (A - 1) A,, u = 0, l,...; 
A, = 1, the reader will easily verify the expansions and formulas 
~2 = A2” - 2(A + 1) A” + (A - l)2; [w] = A” - A - 2; 
w=Ak-A-2+$; O<r<l. (14.1) 
w = Ak - A - 2 + (l/x,); PI = Ak - (A + 2); Q1 = 2Ak - 3(2A + 1). 
(14.2) 
IV + A” - A - 2 1 
‘JAk-&,-3 =l+<’ 
P, = A” - (5A + I); Q, = 4A. (14.3) 





P, = Ak - (5A - 1); Q3 = (2A - 1) A”-l - 2(3A - 1). 
w -+ A” - 5A + 1 1 
‘JAk _ A”-’ _ &4 + 2 = ’ + x, ’ 
P, = (A - 1) Ak-* - (A - 1); Q4 = Ak-l. (14.5) 
W/S/4-9 
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w + A” - A”-1 - A + 1 
A"-1 =2(A- l)+$ 
P, = (A - 1) A”-l + (A - 1); 
Q5 = (2A - 1) A”-l - 2[2A2 - (A - I)]. 
w + A” - A”-l + A - 1 1 
2Ak - A’“-1 - 2[2/43 - (A - I)] = ’ + x, ’ 
P, = A” - [4A2 - (A - l)]; Q6 = 4A2. 




P, = A” - [2A2 + (A - I)]; 
Q, = (A2 - 1) Ak-2 - [A2 + (A - I)]; 
w + A” - 2A2 - A + 1 
A” - A”-2 - A2 - A + 1 =2+$ 
P, = (A2 - 2) Ak-2 - (A - 1); Qg = 4Ak-2; 
u’ + Ak - hi”-2 - (A - 1) = 2”-lbA 
4Ak-2 1 
_ 1 + L . 
x9 
3 
P, = (A2 - 4) Ak-2 + (A - 1); 
Q, = 2(A2 - 2) Ak-2 - [A3 - 2(A - l)]; 
w + A” - 4Ak-2 + (A - 1) 1 
2Ak - 4A”-2 - A3 + 2(A - 1) = ’ + x,, ’ 
PI,, = Ak - [A3 - (A - l)]; Q,, = A3; 
w + Ak - A3 + A - 1 1 
A3 
= 2A”-3 - 2 + - . 
XII 
9 
P,, = Ak - [A3 + (A - l)]; 
Qll = 2(+” - 2) Ak-3 - [A3 + 2(A - I)]; 
w + A” - A3 - (A - 1) 1 
2,,jk - 4Ak-3 - ,43 - 2(A - 1) = ’ + x,, ’ 
P,, = (A3 - 4) A”-” - (A - 1); Q12 = 4Ak-3; 
w + A” - 4Ak-3 - (A - 1) = 2&lbA 
4Ak-3 2 
1 . _ 1 j 
x13 
9 
P,, = (A3 - 2) Ak-3 + (A - 1); 
Q13 = (A3 - 1) A”-3 - [A4 - (A - I)]; 
w + Ak - 2Ak-3 + (A - 1) = 2 ) 1 . 
Ak - Ak-3 - A4 + (A - 1) x14 
PI4 = A” - [2A4 - (A - I)]; Q;, = 4A4; 
w + AL - 2A4 + (A - 1) = 2d-lbA 
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We now prove the formulas 
P 12s+3 = Ak - [4A3S+1 + (A - l)]; 
Q12s+3 = (2A3s+1 - 1) Ak-3s-1 - 2[2A3”+l + (A - l)]; 
b -- 1; 12s+3 ~-
P 12s+4 z (A3$4-l - 1) AL-as-1 - (A - 1); 
QIPstP = Ali-3s-1; b12s+4 = 2A3”+l - 2: 
P,B,s.i5 = (A3”+’ - 1) Ak-38-1 + (A - 1); 
Q12y+5 = (2A3S+’ - 1) Ak-3s-1 - 2[2A3@ - (A - l)]; 
bns+:, = 1; 
P 12s+6 = A” - [4A3S-+2 - A - l)]; 
Qms+o = 4A3S+2; &s+G = 2d-1bAr-3(s+l) - 1; 
P 12s+7 - -- A”’ - [2A3S+2 + (A - l)]; 
Q12s+7 = (A3S+2 - 1) Ak-3s-2 - [A3”@ -t (A - I)]; 
bllsTi = 2; 
P 12,5i3 = (A3”+2 - 2) Ak--3s-2 - (A - 1); 
Q12s,.3 = 4Ak-3s-2. b,,,,, = 2+lbA 
12s+g = (A3”Q - 4) Ak-3s’2 + (A - 1); 
- 1. 3s+1 3 
P (14.17) 
Qm+s = 264 3s+2 _ 2)Ak-38-Z _ [A3'S+l) _ 2(/j _ I)]; 
b - 1; 12Sf9 -- 
P 12s+10 = AL - [A3’s+1’ - (A - l)]; 
Q - ,43(s+l). 12.5~10 - b 12s+10 = 2Ak-3tStl) _ -4 
Plaacll = AL - [A3’S’1’ + ;A - I)]; 
Qns+n = Z4 3(s+l) _ 2)Ak-3's+l' _ [A3'"+1' + 2(A _ I)]; 
bmtn = 1; 
P 128+12 z (A3'"+1' - 4) Akp3(s+l) - (A - 1); 
Q12s+12 = 4Ak-3(s+1); b12s+12 = 2d-1bA3,+, - 1; 
P 12s+13 z (,43'"+1' - 2)Ak-3'8'1' + (A - 1); 
Q12s-t13 = (A3'"+1' _ 1) AW's+l' - [A3'"+1'+1 - (A - I)]; 
bns+m = 2; 
P 12n+14 -= AL - [2A3’5+1’+1 - (A - I)]; Q12s+14 = 4A3cs+l)+l; 
hzs+la = 2-‘&-3(s+l)--2 - 1; s = 0, I,.... 
Comparison of successive P, - s and Q, - s and QV - s shows that 
equality takes place in the following cases. 
P12\.+7 = PlOSM implying k = 2(3s + 1); k = 4 (mod 6); 
so = &(k - 4). (14.18) 
P12sf13 = P12s+14 implying k = 6(s + 1) $- 1; k - 1 (mod 6); 
so = i(k - 7). (14.19) 
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The length of the primitive period in the expansion of w  equals, in case 
(14.18), m = 4 + 24 * Q(k - 4) + 8 + 2 = 4k - 2; in case (14.19) the 
length of the primitive period equals m = 4 + 24 * i(k - 7) + 20 + 2 = 
4k - 2. We can now state 
THEOREM 14. Let A = 2db + 1, d > 1, b odd, w2 = [A* - (A + l)]” 
-4A squarefree; further let k = 4 (mod 6), k > 4, s, = 6 (k - 4). Then 
the length of the primitive period in the expansion of w  as a periodic con- 
tinuedfraction equals 4k - 2, and the expansion has the form, for k 3 10, 
w  = [b, 3 b,, b, ,..., h-+3 9 b us+4 ,a.., L+14 ,--.v bmo+3 7 
b 12&,+4 9 b 12so+s 3 bm,,+e 3 2, &,+e > bmo+s 3 bmo+4 7 
b 12so+3 ,.-a> b, 3 b, 9 2hJ; 
b, = A” - A - 2; b, = 1; b, = 2d-1bAk-2 - 2. 
b 12&9+3 - - b,,%+, = 1; b12S,+4 = 2A*(k-2) - 2; b128a+8 = 2d-1bA+(k-2j; 
b - bus+5 = i&s+, = bm+c, = bm+n = IBM+,, = 1; 12s+3 - 
b 128+4 = 2A3s+1 - 2; b,,,,, = 2d-1bAk-3(s+I) - 1; 
b 129+3 = 2d-‘bA,,+, - 1; b12s+10 = 2~k-3(s+l) - 2. 
b 128+12 = 2”-lbA,,+, - 1; b128+14 = 2d-1bAk-3s-6 _’ 1. 
s = 0, l,..., sg - 1; 
AU+l - 1 = (A - 1) A, ; u = 0, l,...; A,, = 1. (14.20) 
For k = 4, we obtain the expansion 
([A4 - (A + I)]” - 4A)l12 
= [A4 - A - 2, 1, 2d-1bA2 - 2, 1, 2A - 2, 2, 2d-1bAl , 2, 
2d-‘bAl , 1, 2A - 2, 1, 2d-1bA2 - 2, 1, 2(A4 - A - 2)]. (14.21) 
Further, let k = 1 (mod 6); k > 7, s, = Q (k - 7). Then the length of the 
period in the expansion of w  as a periodic continuedfraction equals 4k - 2, 
and the expansion has the form 
w  = P, 9 b, , b, ,..., bm+3 , bm+., ,..-, bns+u ,...> hw,+3 3 bm0+4 ,.a. 
. . . . b 12so+12, 2, bmO+lz ,..., bnso+4, bmO+s,..., b,, b, , 2&l; 
bo , bl , b, , bns+3 9 bm+4 y.e.7 L+u as in (14.20), s = 0, I,..., s, - 1. 
b -b 12so+3 - 12so+s = iho+, = bmO+D = Lo+11 = 1; 
b 12so+4 = 2A:‘k-s’ - 2; b12s0+B = 2d-‘bA+(k+l) - 1; 
b 1280+3 = 2d-1bAt(r-5) - 1; b12So+10 = 2Aftk+l) - 2; 
b 12s,,+12 = 2d-1bAf(le-s) - 1. 
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The reader will have no difficulty in formulating the theorem for the 
case k = 7. 
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